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Robot Kinematics and Dynamics

Robot kinematics and dynamics are fundamental concepts in robotics
that describe the motion and forces involved in a robot's operation.
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Robot Kinematics

• Position and Orientation: Kinematics deals with the geometric 
relationship between the various components of a robot, including its 
joints and end-effector. It describes the robot's position and 
orientation in space.

• Forward Kinematics: This involves calculating the position and 
orientation of the end-effector based on the joint angles.

• Inverse Kinematics: This involves determining the joint angles 
required to achieve a desired position and orientation of the end-
effector.
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Robot Dynamics

• Forces and Torques: Dynamics focuses on the forces and torques 
acting on a robot's joints and the resulting motion.

• Newton's Laws of Motion: These laws govern the relationship 
between forces, mass, and acceleration.

• Lagrangian Mechanics: This is a powerful mathematical framework 
used to analyze the dynamics of complex mechanical systems, 
including robots.
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Concepts in Robot Kinematics and Dynamics

• Degrees of Freedom (DOF): The number of independent ways a robot can 
move.

• Joint Types: Revolute joints (rotational) and prismatic joints (linear).

• Denavit-Hartenberg (DH) Parameters: A set of four parameters used to 
describe the geometry of a robot's joints.

• Jacobian Matrix: A matrix that relates the joint velocities to the end-
effector velocity.

• Inertia Matrix: A matrix that represents the mass distribution of a robot.

• Coriolis and Centrifugal Forces: Forces that arise due to the rotational 
motion of the robot's joints.
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Applications of Robot Kinematics and 
Dynamics
• Robot Control: Designing control algorithms to accurately control a 

robot's motion.

• Robot Simulation: Creating virtual models of robots to simulate their 
behavior and optimize their design.

• Task Planning: Planning the motion of a robot to accomplish specific 
tasks.
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Robot Kinematics: Coordinate Transformations

Coordinate transformations are essential in robot kinematics to
describe the relationship between different coordinate frames. This
allows us to represent the position and orientation of a robot's
components relative to each other and to the external world.
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Homogeneous Transformation Matrices

• Representation: A 4x4 matrix is used to represent a homogeneous 
transformation. It combines both rotation and translation information 
in a single matrix.

• Structure: The matrix is typically divided into four parts: 
• Rotation matrix: A 3x3 submatrix representing the rotation.

• Translation vector: A 3x1 column vector representing the translation.

• Zero row: A row of zeros.

• One element: A single element equal to 1.
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• Example:

| R11 R12 R13 tx |
| R21 R22 R23 ty |
| R31 R32 R33 tz |
| 0   0   0   1   |
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Transformations Between Coordinate Frames

• Base Frame: The reference frame used to describe the position and 
orientation of the robot.

• Tool Frame: The frame attached to the robot's end-effector.

• Joint Frames: Frames attached to each joint of the robot.

10



• Transformation from Base Frame to Tool Frame:

• T0n = T01 * T12 * ... * Tn-1n

• where:T0n is the transformation matrix from the base frame to the 
tool frame.

• Ti-1i is the transformation matrix from frame i-1 to frame i.
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• Inverse Transformations:To find the inverse transformation from the 
tool frame to the base frame, we can simply invert the T0n matrix:

• Tn0 = (T0n)^-1
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Applications of Coordinate Transformations

• Forward Kinematics: Calculating the position and orientation of the 
end-effector based on the joint angles.

• Inverse Kinematics: Determining the joint angles required to achieve 
a desired position and orientation of the end-effector.

• Trajectory Planning: Planning the path of the robot's end-effector.

• Collision Avoidance: Detecting and avoiding collisions between the 
robot and its environment.
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DH Parameters

Denavit-Hartenberg (DH) parameters are a convention used to
represent the position and orientation of a rigid body relative to
another rigid body. They are widely used in robotics to describe the
kinematics and dynamics of robotic manipulators.
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The Four DH Parameters

For each joint between two links in a robotic arm, there are four DH 
parameters:

1.θ (theta): The joint angle, measured about the z-axis of the previous 
link.

2.d: The offset distance along the z-axis of the previous link.

3.a: The link length, measured along the x-axis of the current link.

4.α (alpha): The twist angle, measured about the x-axis of the current 
link.
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DH Convention and Transformation Matrices

• The DH convention defines a specific frame of reference attached to 
each link. Using these parameters, we can derive the homogeneous 
transformation matrix that relates the coordinate frame of one link to 
the coordinate frame of the previous link.

• Homogeneous transformation matrix: A 4x4 matrix that represents a 
rigid body transformation, including rotation and translation.
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Example

• Consider a simple two-link robotic arm. The DH parameters for each 
joint can be defined as follows:

• Using these parameters, we can derive the homogeneous 
transformation matrices for each joint and subsequently for the 
entire arm.

Joint θ d a α

1 θ₁ 0 a₁ 0

2 θ₂ 0 a₂ 0
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Applications of DH Parameters

• DH parameters are essential in various aspects of robotics, including:

• Forward kinematics: Determining the position and orientation of the 
end-effector given the joint angles.

• Inverse kinematics: Determining the joint angles required to achieve 
a desired position and orientation of the end-effector.

• Jacobian matrix: Relating the joint velocities to the end-effector 
velocity.

18



Applications of DH Parameters

• Dynamics: Deriving the equations of motion for the robotic arm.

• Trajectory planning: Generating smooth and collision-free paths for 
the end-effector.

• By understanding and applying DH parameters, we can effectively 
analyze and control the motion of robotic manipulators.
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Forward Kinematics

Forward kinematics is the process of determining the position and
orientation of a robot's end-effector (or tool) based on the joint angles
of the robot. In simpler terms, it's about figuring out where the robot's
hand or tool is pointing and how it's positioned, given the angles of its
joints.
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Mathematical Representation

Forward kinematics is typically represented using homogeneous
transformations. A homogeneous transformation matrix is a 4x4 matrix
that combines rotation and translation information into a single matrix.
Each joint in the robot has a corresponding homogeneous
transformation matrix.
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Mathematical Representation

To find the position and orientation of the end-effector, we multiply the
homogeneous transformation matrices of all the joints together. The
resulting matrix represents the transformation from the base frame of
the robot to the end-effector frame.
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Denavit-Hartenberg (DH) Convention

• The Denavit-Hartenberg (DH) convention is a widely used method for 
representing the geometry of a robot arm. It defines four parameters for 
each joint:

1.Theta (θ): The joint angle.

2.Alpha (α): The twist angle between the z-axes of two consecutive joints.

3.A (a): The length of the common normal between the z-axes of two 
consecutive joints.

4.D (d): The offset distance along the z-axis of joint i to the point where the 
common normal intersects the z-axis of joint i-1.

• Using these parameters, we can create the homogeneous transformation 
matrix for each joint.

23



Example: A Simple Two-Link Robot

Consider a simple two-link robot. We can represent its geometry using the 
DH convention and calculate its forward kinematics as follows:

1.Joint 1:
1. θ1
2. α1 = 0
3. a1 = L1 (length of link 1)
4. d1 = 0

2.Joint 2:
1. θ2
2. α2 = 0
3. a2 = L2 (length of link 2)
4. d2 = 0
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Example: A Simple Two-Link Robot

The homogeneous transformation matrices for the two joints can be
calculated using the DH parameters. Multiplying these matrices
together gives us the transformation matrix for the end-effector.
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Applications of Forward Kinematics

• Forward kinematics is essential for various applications in robotics, 
including:

• Motion planning: Determining the path that the robot needs to 
follow to reach a desired position and orientation.

• Task-space control: Controlling the robot's end-effector directly in 
terms of its position and orientation.

• Collision avoidance: Ensuring that the robot does not collide with 
obstacles or other objects in its environment.

• Simulation: Simulating the motion of a robot to test different control 
strategies or analyze its performance.
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Inverse kinematics

Inverse kinematics (IK) is a fundamental concept in robotics,
particularly in the realm of robot manipulation. It involves calculating
the joint angles required for a robot's end-effector to reach a specific
desired position and orientation in space.
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Understanding the Concept

• To grasp IK, let's contrast it with forward kinematics (FK). 

• In FK, we know the joint angles and calculate the resulting position 
and orientation of the end-effector. IK, on the other hand, takes the 
desired position and orientation as input and determines the joint 
angles that will achieve it.
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The Challenge of IK

IK is a challenging problem for several reasons:

• Multiple Solutions: For many robot configurations, there can be 
multiple sets of joint angles that lead to the same end-effector pose. 
This is known as the redundancy problem.   

• Singular Configurations: Certain joint configurations can limit the 
robot's ability to move in certain directions. These are known as 
singularities.  

• Nonlinear Equations: The equations governing IK are often nonlinear, 
making analytical solutions difficult or impossible.
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Approaches to Solving IK

Analytical Solutions:

1. Suitable for simple robot configurations with closed-form solutions.

2. Involves deriving equations to directly solve for joint angles.   

Numerical Solutions:

1. Applicable to complex robot configurations with no closed-form solutions.   

2. Iterative methods like Newton-Raphson or gradient descent are used to find 
approximate solutions.  

Geometric Methods:

1. Rely on geometric relationships between links and joints to solve for joint 
angles.   

2. Often used in conjunction with analytical or numerical methods.

30



Applications of IK in Robotics

IK finds applications in various robotic tasks:

Industrial Robotics:

1. Assembly line automation

2. Welding

3. Painting

4. Material handling

Service Robotics:

1. Human-robot interaction

2. Medical robotics

3. Domestic robots

Autonomous Vehicles:

1. Self-driving cars

2. Drones
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Jacobian Matrix

• In the realm of robotics, the Jacobian matrix serves as a crucial tool
for understanding and controlling the motion of robotic manipulators.

• It essentially bridges the gap between joint space, where the robot's
configuration is defined by joint angles, and operational space, where
the end-effector's position and orientation are expressed.
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What is a Jacobian Matrix?

• In mathematical terms, a Jacobian matrix is a matrix of all first-order
partial derivatives of a vector-valued function.

• In the context of robotics, it relates the joint velocities to the end-
effector velocities.
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Importance of Jacobian in Robotics?

Kinematic Analysis:

• Forward Kinematics: Given joint angles, the Jacobian helps calculate 
the end-effector's velocity.   

• Inverse Kinematics: Given a desired end-effector velocity, the 
Jacobian aids in calculating the required joint velocities.  

Static Force Analysis:

• The Jacobian transpose relates forces and torques applied to the end-
effector to the joint torques required to maintain static equilibrium.
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Importance of Jacobian in Robotics?

Singularity Analysis:

• Identifying singular configurations, where the robot loses degrees of 
freedom, is essential for safe and efficient operation. The Jacobian's 
determinant is zero at singularities.   

Motion Planning and Control:

• The Jacobian is used in various motion planning algorithms to ensure 
smooth and collision-free trajectories.   

• In control systems, the Jacobian is employed to design feedback 
controllers that stabilize the robot's motion.
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Jacobian matrix

• The Jacobian matrix is a function of the robot's configuration.

• Its dimensions depend on the number of degrees of freedom of the 
robot and the dimensionality of the task space.  

• The Jacobian can be used to analyze both the kinematics and 
dynamics of robotic systems.  

• Understanding the Jacobian is essential for designing and controlling 
robots effectively. 
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Visualizing the Jacobian

• Imagine a robotic arm with multiple joints. As each joint moves, the 
end-effector traces a path in space. 

• The Jacobian matrix relates the angular velocities of the joints to the 
linear and angular velocities of the end-effector at a specific point in 
time.
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Applications

1. Industrial Robotics: Assembly lines, welding, painting, and material 
handling.

2. Service38 Robotics: Human-robot interaction, medical robotics, and 
domestic robots.  

3. Autonomous Vehicles: Self-driving cars and drones
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